Note that the controlled subsystem of four or five equations in this problem is an
uncontrolled scalar control, even if it depends on all the phase variables of the problem.
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ON THE CONSTRUCTION OF A BOUNDED CONTROL IN OSCILLATORY SYSTEMS®

F.L. CHERNOUS'KO

The motion of a linear controlled system from any initial state to a
given final state is considered when there are geometric constraints on
the control. One way of constructing the control when there are no
constraints is to use a control signal formed by a linear combination of
natural motions of the uncontrolled system /1, 2/. In the present paper
this control method is used when there are geometrical constraints on the
control functions. Sufficient conditions are obtained, under which this
control law solves the problem in finite time. The same approach is
applied to a multifrequency system of linear oscillators (pendulums) which
are scalarly controlled. The control law is obtained and the process time
is estimated. The control is also found for a two-mass system which
contains an oscillatoxy unit.

1. Formulation of the problem. cConsider a linear controclled dynamic sytstem with a
-bounded control

 =A @)z + B (t)u a.1)
le@)<a a>0 1.2)

Here, ¥ 1is the n-dimensional vector of phase coordinates, u is the m-dimensional control
vector, A(t) and B(t) are n X nrn and n X m matrices respectively, piecewise continuously
dependent on time t, and a is a positive constant.

We shall construct the control u (f) which satisfies the constraint (1.2) for t =ty T
and moves the system from the initial state

*prikl.Matem.Mekhan.,52,4,549-558,1988
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z(ty) =2 (1.3)
to the final state
Hlere, z% ! are any given n~-dimensional vectors, the initial instant £, is assumed to
be given, and the instant T when the process terminates may be either fixed or free (I > %,).
The fundamental matrix @ (f) of the homogeneous system (1.1) is given by the conditions
O =4 ()P, () =E, {1.5)

Here E, is the » X n identity matrix. We write the solution of system (l.1) which
satisfies the initial condition (1.3)

¢
2()=0 ) [+ + (O () B()u (1) d1 (1.6)

Substituting the boundary condition (1.4} into (1.6), we obtain
T
§®‘1(£)B{t)u(t)dt:—-_x*, o* = O (T) 2l — 20 (1.7)

The required control u (t) must therefore satisfy the constraint (1.2) and condition (1.7).
Recall that construction of the time-optimal control of system (1.1), (1.2), which moves
it from state (1.3) to state (1.4) in the shortest time, reduces, by the maximum principle
/3/, to solving a system of n transcendental equations. The method given below, which was
proposed in f1, 2/ for the case when there are no constraints on the control, does not provide
time-optimality, but is simpler for calculation and realization.

2. The control method. we seek the control that solves problem (1.1}-{(1.4) in the

form -
u(t) =07 (e, Q) =D (B (1) 2.1)
Here, ¢ is an n-dimensional constant vector, @Q(t) is an n X m matrix, and T denotes
transposition. Substituting (2.1} into (1.7}, we obtain

T
R(T)e=2* R(T)= {010 (t)dt 2.2)

(R(T) is a symmetric n X r watrix).
We take the quadratic form (v is an n-dimensional constant vector)

T
(R(T)v,v)= (|07 ()v[rat =0 2.3)

It follows from (2.3) that R(T) is a non-negative definite matrix. We know /4/ that,
when system (l.1) is completely controllable, the integral ({2.3) does not vanish for any con-
stant v 0. Then, R (T) is positive definite and the linear system of algebraic Egs.{(2.2) has
the unique solution

¢ = R1(F)a* {2.4)

We will give simple sufficient conditions for the constraint (1.2) to be satisfied for

the control law (2.1).

Theorem. For some T ™>1, let the matrix R (T) be non-singular, i.e., the condition for
complete controllability holds, and for any n-dimensional vector v, let us have the inequalities

1T MK (T i< p(T) v, telt, Tl (2.5)
[R(DE (Tw | 2 A (T)v | (2.6)

Here, K (T) is a non-singular n X n matrix, p(T)>0 and A(T)>0 are positive
scalars, and v is a constant n-dimensional vector, while the inequality (2.5) must hold for
all tet, TL

Then, if we have the condition

2% | < ek (T (T) 2.7

the control u () given by (2.1), (2.4) takes system (1.1) from state (1.3) to state (1.4) at
the instant 7 and satisfies the constraint (1.2) for all tes[t, Tl
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Proof. The control (2.1), (2.4) is constructed in such a way that conditions (1.3) and
(1.4) hold. By (2.1) and (2.4), we have

lu @ = 10" R (D)a* | = | QT (K (DK (R (T)z*|
We use inequality (2.5)
lu () << p (DK (DR (D)2 |
In the inequality obtained we put z* = R (I)K (T)v and first apply (2.6) and then (2.7):

fu I <p (D v i< p (DA | R(DE(T | =
(AT (D" | < e

We have thus shown that the constraint (1.2) holds, which proves the theorem.

Notes. 1°. The non-singular matrix K (7) in (2.5) and (2.6) can be chosen arbitrarily, and
in particular, we can take K = E,. The arbitrary choice of K (T) can be useful, since it extends
the range in which our sufficient conditions are applicable.

2°. In the case of the identity matrix K = E,, the number i (T) is, by (2.6), a lower bound
for the least eigenvalue of the matrix R (7).

3°, To calculate the control (2.1), we have to solve the linear system of Egs.(2.2), where-
as in the time-optimal case we have to solve a system of transcendental equations.

4°, The control (2.1) is a continuous function of time, whereas the time-optimal control
is in general discontinuous.

3. A system of controlled oscillators. Consider a system of harmonic oscillators,
controlled scalarly:

B+ elfE=u (3.1)
Here, %; are generalized coordinates, the constants @; >0 are the natural frequencies
of the oscillators, and throughout ¢ =1,...,n; u is the scalar control, on which is imposed
the constraint (a is a constant)
le@<e (3.2)

As a mechanical model of system (3.1) we can take a system of mathematical pendulums,
suspended from a support G which moves horizontally with acceleration u (Fig.l). The E;, equal
to l;p;, are the small linear deviations of the pendulums from their points of suspension,
where l; is the length, and ¢; the angle of deviation of the pendulum from the vertical.

Another mechanical model of system (3.1) is a set of masses connected by springs to the
support G. The system as a whole moves translatiocnally and horizontally, %, being the spring
elongation, and u the acceleration of the body G (Fig.2).

u

———teeereeeren
& u
—————l
/ /i \ O~ AANAANY &
oNANA]
Fig.l Fig.2

Let us find the control u () which satifies the constraint (3.2) and moves the system
(3.1) from its intial state at ¢, = 0:

£ (0) =80 &) =n 3.3)
to the given final state
E(T) =8, & (D=1 (3.4)
We shall assume that the frequencies ©; are positive and distinct. There is no loss of
generality if we number them in increasing order, put , = 0, and introduce the notation

Q = min (@ — 0g) >0 (3.5)

ossk=sn-1

O=<< o, <...<< o,

Note that, when £ >0, system (3.1) is completely controllable /5/. If some frequencies
are the same, the system becomes uncontrollable, For, if the initial states of two oscillators
with equal frequencies are different, there is no control by which we can arrange for simultane-
ous extinction of the oscillations of these two oscillators: the phase difference of their
oscillations will remain constant.

Using the change of variables
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B =vn &= (3.6)
we can reduce system (3.1) to the form
¥y = —oz +u, 2z = ey (3.7

The phase vector of system (3.7) is a 2rn-dimensional column vector, formed from the
components of vectors y and z.

It can be shown that the fundamental matrix of the homogeneous system (3.7), given by
conditions (1.5), is orthogonal and has the form

@)= diag (cos w;t) diag(— sin w;t) "

diag (sinw;t)  diag (cos w;t)
Q1 (1) = DT (1)

(3.8)

Here, diag(a;) denotes an n X r diagonal matrix with diagonal elements a;.

For system (3.7), matrices B (t)and Q (t) are 2n-dimensional column vectors. By (3.7, (2.1)
and (3.8), their elements are

By =1, Buni=0, Q.(t) =cos o;t, Qnsi = —sin ot (3.9)

From (3.9) and the second of Eqs. (2.2), we have

Ql 0 Rl RO
w3 8] mem-[f T

T
Rf=(0kat, k=012
0

(3.10)

Here, Qk, R* are n X n matrices. Their elements are calculated by means of (3.9) and
(3.10) (throughout, i, j=1,...,n)

Qit=coswitcosat, Q;=sinw;isinat (3.11)
sin 20,7

s . e__ T
Qijo=—~005 ﬁ)it sin O)jt, Rii = TiT

RY— sin (o, _(‘)J) T n sin (o; + (nj) T

Y 2(@,—0) -7 2ot o)

cos 20, T —1 cos(mi—ml)T—i

R“o=-——_—_4mi v Ry =t — +

cos (0, + @) T — 1 X X

e, Fey =

Note that, by condition (3.5),

0> lo—0;|>Q o,+0;>3Q i+£] (3.12)

Using (3.12), we can obtain estimates for the elements (3.11) of the matrix R (T):

| Ry — T | QDY | R YQ7 {3.13)
IR 1<K Yol o — o5 [+ Yy (0 + o) < ¥Q70
TR I Y QY kE=1,2; is=j

Under conditions (2.5) and (2.6) we put K (T) = E,, and find p (T) and A (T). we estimate the
left-hand side of inequality (2.5) by using the Cauchy inequality and expressions (3.9) for
the components of the vector Q@ (f):

QT (tw I < 1QMlv|=n"|v]|

Consequently, in (2.5) we can put

p{T) = n* 3.14)
We will estimate the left-hand side of inequality (2.6). For any vector v, we have
| R(TW | = | YoTv + (R(T) — YyTEylv| > ¥, T |v | — | My, {3.15)

M = R (T) — Y3TE;

Hlere we introduce the symmetric 2n X 2r matrix M. For its elements, using relations
(3.10) and (3.13) for the matrix R (T), we obtain the estimates
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[ M | a7 | My e | 1R (3.16)
[ My | =2 320 | Mg sy | 20 M Q7
f “{iv nei |7 ]/29717 | ﬂ{i, n+j [ =3 4”3Q—lv 5k

By the Cauchy inequality, we have (the summation here and in (3.18) is from 1 to 2n)

[My[2=3 (X M) < D[ DM 2) (Svp)] = v DM, (3.17)
i J i i ) 1,7
Recalling estimates (3.16) and that M is symmetric, we obtain
_ 2n . 2(n*—n)4 2n 2(n*—n)16 5n (64n — 55
Z 111,-,-2 S Gar T (30¢ + (2QF -+ (139);) == ( 7427192 ) (3 18)

1,7
From (3.17) and (3.18) we have

| Mo | < k, Q7 13.19)
k, = [5n (64n — 55)/721:, n > 1

Using (3.15) and (3.19), we obtain

LR (T | > (T — k@Y v | {3.20)
Thus, condition (2.6) holds if T > 2k,Q71. Then, comparing (2.6) and (3.20), we obtain
MT) = YT — £, Q2> 0 3.21)
Substituting relations (3.14), (3.21) in (2.7) and solving for T, we get
T > 2n'ta™ | 2* | + 2k,Q7! {3.22)

The vector z* is given by the second relation of (1.7), while vectors af a' are, by
(3.6), (3.3) and (3.4):

©

&

= {y: 0), 2z (0} = {ns 0. (3.23)
= {y: (1), 2 (T = {n, o0&}

-

x

In the control law (2.1) we substitute the elements of @ (f) from (3.9):

n

u (t) = 2! (ci cos wit — Ca4i Sin(’)it) (324)

i=1

By the theorem of Par.2, under condition (3.22), the control (3.24) in which the vector
¢ is given by (2.4), and the matrix R (T) is given by (3.10), (3.11), satisfies the constraint
(3.2) and moves system (3.7) (or (3.1)) from the initial state (3.3) to the final state (3.4)
in time T. Note that the time T increases as |a*| increases, as the scope (i.e., a) of the
control falls, and as the natural frequencies come closer together, i.e., as @ falls.

4. A special case. Consider the problem of extinguishing the initial oscillations,
i.e., the problem of taking the system to its equilibrium state. 1In this case we have =0,
and from the second of Egs.(l.7) and (3.23), we obtain (E () 1is the energy of the oscillation)

lz* =3 (02 + 02 (02 = 2B, Eo=E (0 @1
i=1

1 n
Ew =5 I HE 0P+ o2 5, (01 “2)

i=1

Using (4.1), we can rewrite (3.22) as
T > 207! (2rEy)"* + 2,071 (4.3)
Under condition (4.3), the control (3.24) moves system (3.1) from the initial state (3.3)
to the equilibrium state &i=§g = 0.
In the special case n=1 the minimum time which satisfies condition (4.3) is equal to
(we use the second relation of (3.19))

T* = 2071 (2E)"* + (¢/p) 0,71 (4.4)
We compare the time (4.4) with the optimal control time under the condition
e = aE,,_‘/'(:.)l'l <1 (4.5)

which signifies that the control is relatively small. Then, the approximate optimal control
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of system (3.1), (3.2) with n=1, which is constructed in /5/ by the small parameter method
/6/, is
u = ~—a sign (§;) (4.9)
while the phase coordinates are
B = + (2B)"a, cos (gt + &) (4.7)
b = F (2E)*sin (0t + @)

Here, the energy E and phase a are slow variables.
We differentiate the energy E of (4.2) with respect to t, and use Egs.(3.1), (4.6) and
(4.7):
E =8 &+ 02 = —8u=—a|8& | = —a (2E)"" |sin (0 + o) |
In accordance with the averaging method of /6/, we average the right-hand side of this
last equation with respect to t, regarding E and a« as constants. We obtain the eqguation of
the first approximation, which we integrate:
[2E (1) = (2Ey)** — 2n-1aw,t
Hence it follows that the time 79 needed for extinction of the oscillations (& (I'°%) = 0),
is equal to
T = Yyngt 2Ey)'" 14.8)
Expressions (4.4) and (4.8) have to be compared under condition (4.5), under which the
approximate expression (4.8) is obtained. The second term in (4.4) is here much smaller than
the first, while the principal parts of (4.4) and (4.8) differ by a factor. We have
THTO = 4/n =1.273 (e <€)
This relation gives an estimate of the closeness of the results obtained by the present
control method and the time-optimal control.

5. A pendulum with a controlled point of suspension. we again consider the
systems shown in Figs.l and 2, in the case of a single oscillator (n = 1) but assuming a
displacement &, of the support G. The equations of motion and the constraint (3.2) take the
form

B tolt=u & =u julLa {5.1)

All the notation here is the same as in Par.3. Note that the displacements §, and §, are
measured in opposite directions, so that the absolute oscillator displacement is §, — ;.

We also take a modified statement of the problem, in which the systems of Figs.l and 2 are
controlled, not by accelerating the support G, but by means of a force F applied to the body
G and bounded in value by the constant F,. Then, instead of relations (5.1), we have the
equations and the constraint

B+ ol =8 (me+m)i” —m&" =F, |FI<F, ¢.2)

where m, is the mass of the support G, and m; is the mass of the oscillator. We introduce the
system centre of mass coordinate

E =[(me + my)E, — mEJ(m, + m)?
and transform relations (5.2) to

B+ of (mg + mdmg g, = Fmy? (.3)
' =F(mg+m)?, |F|<F,

The change of variables and constants

E = (mp + m)mylE, (o) = 0% (my + my)m,
u=Fm,?

transform relations (5.3), apart from the notation, to the form (5.1). Thus relations (5.1)
also describe systems which are controlled by means of a bounded force.
To simplify (5.1), we make the change of variables
= o %ay, &, = o,%az {5.4)
t =%, u=au
After the replacement (5.4), relations (5.1) become
V+ty=u 2" =u |u|<1 (5.5)
Henceforth we shall consider the system in the form (5.5) and denote by points derivatives
with respect to the new time t', while the primes of t’ and u' in (5.5) will be omitted.

Let us construct the control u () which satifies the condition |u |<{1 and moves system
(5.5) from the given initial state
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yO =y, y (0=, 200 =2, 270)=w (5.6)
to the given final state
y(Ty=y" y ()=, 2(0) =1z, 2(T)=ul (5.7)

The quantities on the right-hand sides of Egs.(5.6) and (5.7) are constants, and 7 >0

is the as yet unknown time when the process ends.
The phase vector of system (5.5) is formed by the variables y, y,z and z°. Following
the general scheme of Par.2 for constructing the control, we find the fundamental matrix given

by conditions (1.5), and then its inverse

cost —sint O 0
B sint cost O 0
=] 0 1 ¢ (5.8)
0 0 0 1

The matrix Q (f) of (2.1) is here the four-dimensional column vector
Q7T (t) = (—sin ¢, cos t, —¢t, 1) {5.9)

while Eq. (2.1) takes the form
uU(t) = —c;sint + ¢y 008t — cgt + ¢4 (5.10)
The expression for the matrix R (T), given by the second of Eqs.(2.2) and (5.9), and hence
the solution of system (2.2), is greatly simplified if we put 7 =2nk, k=1,2,.... The
matrix R (T} then becomes

T 0 =T 0

A7) — y,r 0 0
) ™ — T 0 1/3T3 — 1/2T2

0 0 —1,7? T

We solve system (2.2) in the light of this expression for R (T) and express the components

of the vector z* in terms of the boundary conditions (5.6), (5.7) with the aid of relations

(L.7) and (5.8):
yl— Y0z =l — 0

I

z*
o =2 — Tw' — 2% z* =w —w® (T = 2nk)
We obtain
e = 2T (' — y°) + 12 (&' — 2% — 67 (w° + w*)IS? 6.11)
€ =2 (v — VO)T?
ca =614 (1 — ) + 2 (s — 29 — T (w° + wh)]$7

ey = 2067 (4 — ¥°) + 3T (2! — 29 — (T* + 12w —
2(T? — 6wl (S = T (I? — 24))

It remains to choose the integer k in the relation T = 2nk in such a way that the
control (5.10), (5.11) satisfies the condition |u|<{1 for t=I[0,T]. By (5.10), (5.11),
we have

lu @< le |+ leg ]+ lew— egt | <2774 (T2 — 24)7 [T2X (5.12)
JPr— Y0 122t — 2 4 BT | + | + (T2 —
2) [ — O 6t~y || T —2¢|+ 3|52 —2° || T —
2t + ¢ ()]

Pty = | (T? 4+ 12)w* + 2 (7% — 6)w® — 3Tt (W' + w")|

Here, T = 2nk, k<1, so that T?*> 24.
Since 1 () has its maximum at one end of the interval [0, T], we have

P (¢) < max {$ (0}, ¥ (T)} = Y/, max {| 3T% (w° + w') —
(T2 — 24)(w' — w)|, |37% (w° + wl) + (T* — 24)(uw* —
wO) [} = 3,72 | w® + wh | + Y, (T* — 24)| w* — w |

Note also that | T —2t | T, t= 10, T).
Using these eéstimates, we obtain from (5.12):
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le@I< T HDMY — P 1+ 2t =" |+ (5.43)
fo(DMw +w |+ |wt — w® {] + 2723, (1) |22 — 2° |

272 127 3r2 127
h(=2E120 | g m=20L12

On the right-hand side of (5.13) we replace the functions f, (T), f2(T), which are strictly
decreasing for T > T, = 2n, by their maximum values at T = T;, and in the resulting in-
equality we put T = 2nk, T, = 2n. We obtain

| u )| < Ak™ + Bk (5.14)
3 1 3 2
A=TER 1 — P+ 1 = | g [t e +

3(n+2)
oy ¢ — 7

1
2—n-|w1—w° , B=
It follows from (5.14) that the condition ju |<{1 holds if
K —Ak—B>0,

T =2nk, k>k*=1Y,[A4 + (4% 4 4B)} (5.15)

Relations (5.10) and (5.11) together with (5.15) for T and (5.14) for a4, B, fully define
the required control u () in explicit form in terms of the initial and final states.
We consider a special case of boundary conditions (5.6) and (5.7):
P=0"=20=p=yl=l=wl =0 (5.16)
corresponding to displacement of the entire system of Figs.l, 2, from the equilibrium state
to the equilibrium state at a distance z. In the case (5.16), the time-optimal control is of
the relay type (x= +1) and has three switching points /5/. fThe optimal time T° is the
unique positive root of the equation
Y, (T9? — 2 qarccos [cos? (Y, T} = | 2|,
while we have the relations
Toz2)a | Tom2]2[/ as [2]|— oo (5.17)
Let us compare this result with the displacement time for the control law (5.10). From
(5.14)-(5.16), we have
T = 2n (ent k* + 1), k* = B'/1= 0, 7965[a |/
Hence, for large |z'|, we obtain
T ~ 500527, |21]— o0 (5.18)
I1f we use the estimate (5.13) directly in the case (5.16) as |z1|— o, we obtain
T~ [2fy (00) |2 17e= 62|22 2= 2,449 | 2 2, |21 | = o0 (5.19)

Comparing (5.17)-(5.19) for 7o, T, we see that, as |z']— o0, they differ by coefficients
which are due, both to the difference of the control (5.10) from optimal, and to the majoriza-
tion which is performed when obtaining estimate (5.14). Notice that estimate (5.19) is much
closer to (5.17) than is (5.18), because of the reduced "loss" with majorization.

Notice in conclusion that the time-optimal controls for the problems considered in Para-
graphs 3-5 are not known for arbitrary initial conditions.
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